The paper provides an exact analytical solution for the equilibrium configurations of a cantilever rod subject to inclined force and tip moment acting on its free end. The solution is given in terms of Jacobi's elliptical functions and illustrated by several numerical examples and several graphical presentations of shapes of deformed cantilevers. Possible forms of the underlying elastica of a cantilever are discussed in detail, and various simple formulas are given for calculating the characteristic dimensions of the elastica. For the case when a cantilever is subject only to applied force, three load conditions are discussed: the follower load problem, the load determination problem, and the conservative load problem. For all cases, either a formula or an effective procedure for determining the solution is provided. In particular, a new efficient procedure is given to determine all possible equilibrium shapes in the case of the conservative load problem.
Introduction
In this article, we discuss the problem of the determination of the deflection curve of an in-plane elastic cantilever rod subject to various forms of terminal force. The origin of the problem traces back to Galileo. In 1638, Galileo posed two problems concerning the construction of a cantilever. Over the following decades, these problems, through the works of Hook, Mariotte and Leibniz, gradually yielded to the question of determining the deflection curve of a cantilever. By 1691, James Bernoulli had narrowed this problem to the special case when terminal weight is acting on a column. The special case of terminal weight acting on a column was finally solved for the general case by Leonhard Euler in his famous treatise on elastic curves in 1743 (Euler, 1933) after a period of correspondence with Daniel Bernoulli. In his treatise, Euler enumerated nine possible equilibrium shapes for the infinite rod under equal but oppositely directed forces in a parametric study of the solution and then applied the classification to a cantilever. He found that a cantilever can be bent only into six shapes, considering only the non-inflection parts of an underlying elastic curve (elastica). The solution is presented in the form of two nonelementary integrals, using their power series expansions to make practical calculations. He also provided the formula for what we now call the critical force.
Upon the development of the theory of elliptic integrals and elliptic functions in the 19th century, researchers sought to obtain a closed form solution of the problem. One such solution was given by Clebsch (1862) (Section 53, , who considered a column under a vertical force but did not refer to elliptic integrals. In 1880, Saalschütz (1880) published a treatise that was entirely devoted to the determination of deflection curves of a cantilever under inclined force by using Legendre's elliptic integrals of the first and second types. In this book, we can find the closed-form expressions used to determine the shape of a deflected cantilever and special expressions for the displacement of its free end when the deflected cantilever is subjected to inclined, transversal or axial force. The closed-form solution in terms of Jacobi's elliptic functions was given in 1885 by Hess (1885) (Eqs. (18) , (19)), who studied rods using Kirchhoff's kinetic analogy, which states that the equations pertaining to the elastic rod are equivalent to equations describing the motion of the rigid pendulum. Hess used Jacobi's notation of elliptic functions. The solution in Gudermann's notation was provided in 1893 by Love (1893) . Both of these solutions are, however, for the case of a rod under two oppositely directed forces and are not directly applicable to a cantilever. We note that Love called elastic curves with inflection points (corresponding to an oscillating pendulum) inflectional and the elastic curves without inflection points (corresponding to a revolving pendulum) noninflectional. Later editions of Love's book (Love, 1944) use his shortened version of the section about elastic lines. Born (1906) , in his dissertation written in 1906, conducted the first experimental theoretical study of the post-buckling equilibrium configurations of a cantilever using an elliptic integral solution (for more historical data about the planar rod problems, we refer to Todhunter and Pearson (1960) , Timoshenko (1953) , Truesdell and Euler (1960) , Goss (2003 Goss ( , 2009 ) and Levien (2008) .
In the first half of the 20th century, numerous authors used or rediscovered Legendre's elliptic integral form for solving the cantilever problem. Malkin (1926) discussed large deformations of elastic columns under terminal weight. Hummel and Morton (1924) used the solution to implicitly measure Young's modulus of the cantilever rod. Barten (1944) provided an expression for the vertical deflection of the free end point of a cantilever loaded by transversal force, while Bisshopp and Drucker (1945) , considering the same problem, also derived an expression for its free end axial displacement. Expressions for transversal and axial displacement of an axially loaded column can also be found in the work of Timoshenko and Gree (1961) (pp 76-82) . In the 1948, the valuable book of Popov (1948) offered an extensive analysis of elastic rods using elliptic integrals. An updated and enlarged edition of the book (Popov, 1986 ) was published in the 1980s. Yet another derivation of an elliptic integral solution for the deflection of a cantilever under inclined force -using somewhat extensive notation -was given by Mitchell (1959) .
Until the appearance of digital computers, the cantilever deflection was calculated using tables of elliptic integrals. Various approximate methods were proposed to overcome this difficulty. Beth and Wells (1951) provided a power series solution of the problem for an inclined force that is applicable for moderate cantilever deflection. Another power series solution for a transversally loaded cantilever, which results from a variant of the successive approximation method, was obtained by Scott et al. (1955) . For inclined force, Frisch-Fay (1961 , 1962 suggested a method by which a cantilever is broken into segments that are identical to a vertically loaded column and, in this way, replaced the integration with the solution of transcendental equations resulting from the condition of a smooth connection between the successive cantilever segments. The same author also published a valuable book treating flexible rods (Frisch-Fay, 1962) , in which a chapter is devoted to the cantilever problem. Massoud (1966) considered a cantilever under transversal force and provided approximate formulas of deflection of the free end, derived by the selection of an axis with a slope that is the average value of the cantilever tangent angle. For references for the period up to the 1970s, we refer the reader to Schmidt and DaDeppo (1971) .
The appearance of mainframe computers in the 1960s and 1970s allowed the use of various numerical techniques for solving the problems related to the cantilever. For this reason, the problem became the subject of many master's and doctoral theses; beyond this period, a further examination of relevant literature in a strict chronological manner is thus virtually impossible. We therefore omit a review of the articles that are closely related to the development of the finite element method (FEM) and cases in which the cantilever problem was used as a test example.
In 1981, Wang (1981) discussed the problem of deflection of an inclined cantilever subject to a vertical load. For a small and large value of applied force and for a nearly vertical cantilever under an arbitrarily valued force, he derived an approximate analytical expression using the perturbation method. For the general case, he used a numerical method. When one uses numerical methods, technically speaking, the cantilever problem is a two-point boundary value problem (BVP) in which one end has fixed geometric conditions and the other end has a prescribed load. Wang and later other authors therefore proposed a method that transforms the BVP into the initial value problem (IVP) that can be solved by direct numerical integration. Wang thus suggested a two-step method where, in each step, an initial value problem is solved using the Runge-Kutta numerical integration. In the first step, by selecting the value of the free end slope of the cantilever, Wang calculated the load parameter, the cantilever inclination and the bending moment at its clamped end. With these data, he then, in the next step, computed the cantilever deflection. Although Wang noted that his numerical method ''is much easier than elliptic functions, which also require numerical evaluation,'' his method does not work if the initial data are the load parameter and cantilever inclination at the clamped end. Moreover, with the appearance of low-cost computers in the 1980s and the parallel development of numerical algorithms for calculating elliptic functions (Carlson and Notis, 1981) , the elliptic integral solution became attractive for many researchers for various problems. Thus, Mattiasson (1981) published an article in which he provided tabular values of the displacement and the slant of a transversally loaded cantilever free end as a function of load parameter that can be used to check the results of numerical solutions against an exact solution. Lau (1982) provided closed-form solutions for a cantilever subject to an inclined force and tip moment in the form of elliptic integrals. The same load conditions were considered by DeBona and Zelenika (1997) in their article devoted to studying the limits of applying elliptic integral solutions in regard to the required degrees of calculation accuracy. Howell and Midha (1994) and Saxena and Kramer (1998) used the elliptic integral solution as part of a study of large deflections in compliant mechanisms, though the latter authors also included the free end bending moments among a cantilever load. Recently, Yau (2010) considered a guyed cantilever column pulled by an inclined cable (the problem already discussed by Saalschütz (1880) (Section 15)) and used the elliptic integral solution.
In 1992, Navaee (1992) published their famous article that considered a method for obtaining all possible equilibrium configurations of a cantilever beam under an inclined force. Their starting point was the well-known expression that results from the condition that a cantilever is inextensible and gives the load parameter as a function of the end slope in the form of a definite integral, i.e., the difference of two incomplete elliptic integrals of the first type. They observed that the upper and lower limits of the integral can have multiple values. Hence, for a given load parameter, the integral has multiple solutions for the end slope; in other words, these multiple solutions yield multiple possible equilibrium forms for a cantilever. Once Navaee and Elling numerically calculate the value of the end slope, they determine the coordinates of a deformed cantilever using the elliptic integral solution. They also consider the question of the number of possible equilibrium configurations but provide no general conclusion other than that the number of possible equilibrium configurations depends on the value of the load parameter and that the number can be odd or even. A drawback of their discussion is the lack of generality because they enumerate only seven possible equilibrium configurations; consequently, the graph illustrating the distribution of the load parameter versus the end slope is incomplete in that it fails to show that there is an infinite number of branches. The solution that they gave is thus applicable only to load parameters with values up to 12. In their next article, the authors established the possible range of end slope for a given force inclination (Navaee and Elling, 1993) . A numerical procedure based on the Runge-Kutta integration that allows the determination of all equilibrium shapes of cantilever subject to inclined force was later provided by the present author (Batista and Kosel, 2005) .
Until the beginning of the 1980s, researchers mainly considered the conservative load problem. The nonconservative problem (follower load problem) was considered by Popov (1948) and in connection with the stability of axially loaded columns (Pflüger, 1950; Bolotin, 1963) . The solution for the cantilever subject to a nonconservative transversal force was given by Argyris and Syme-onidis (1981) and Alliney and Tralli (1984) using FEM and , later, Saje and Srpcic (1985) (considering extensible beams), using the finite difference method. Recently, Shvartsman (2007) considered a nonuniform cantilever subjected to a tip-concentrated follower force by reducing the nonlinear two-point BVP to IVP following the transformation of the variable. As a result, the solution requires only one integration of the IVP. A similar method that transformed BVP to IVP by a reverse sense of integration was proposed by Nallathambi et al. (2010) . The same problem was treated by Mutyalarao et al. (2010) , who used a semianalytical approach. In this approach, the value of the cantilever free end slope serves as input data, with which the load parameter is calculated and expressed as an elliptic integral. With these data, the problem becomes an IVP that can then be solved using the Runge-Kutta numerical integration. Recently, Karlson and Leamy (2013) used the cantilever follower load problem to validate their shooting method treatment.
Several articles published by a group of Russian researchers at the beginning of this century deserve special attention. Zakharov and Zakharenko (1999) considered the dynamic instability of a cantilever under a transversal force, viewing it as an eigenvalue problem where the characteristic equation was obtained from the condition that the bending moment vanishes at the free end. They expressed their solution using Jacobi's elliptic functions. For each eigenvalue, there is a characteristic critical force, which consequently yields a different number of deflected cantilever inflection points. According to Zakharov and Zakharenko, cantilever deflection without inflection points is static, and cantilever deflection with inflection points is dynamic. A similar solution for an inclined force was given by Zakharov and Okhotkin (2002) and for a nonconservative inclined force by Zakharov et al. (2004) . Kuznetsov and Levyakov (2002) and Levyakov and Kuznetsov (2010) examined the stability of the post-buckling equilibrium states of rods (including cantilevers) and used Jacobi elliptic function solution in their discussion.
Some semianalytical methods were recently proposed for solving the cantilever problem. Wang et al. (2008) provided a solution for the case of a transverse conservative force using the homotopy method, which expresses an explicit approximate solution of the problem in the form of a truncated arc-length parameter power series wherein the series coefficients are calculated numerically. Using the same method, Kimiaeifar and et al. (2011) offered a solution of the problem for a nonconservative inclined force and bending moment, and Wang et al. (2012) considered a cantilever under inclined follower force using transformation of the variable from Shvartsman (2007) . The deflected cantilevers displayed in these articles do not include inflection points. Tari (2013) solved the problem using what he calls the automatic Taylor expansion technique. In essence, he approximated the solution by expanding unknowns as a power series of an arc-length parameter. He presented his solutions in graphical form, but again, none of the displayed deflected cantilevers subject only to tip force included inflection points.
We note that numerous articles address the cantilever subject with a more complex load and possibly include geometric and/or material nonlinearities (Banerjee et al., 2008) . Numerous articles also treat the stability of elastica equilibrium forms (Maddocks, 1984; Sachkov and Levyakov, 2010) and the application of elastica theory in computer graphics (Linner, 1998) , DNA modeling (Coleman and Swigon, 2000) , and hair modeling (Audoly and Pomeau, 2010) . However, because these works are not directly related to the present problem, they were not considered.
The aim of this paper is to give yet another analytical solution for the cantilever problem, where we treat its possible load conditions from a single point of view. From the review, we see that there are in essence three analytical approaches to the problem: using Legendre elliptic integrals, where the independent variable is the cantilever tangent angle; using Jacobi elliptical functions, where the independent parameter is the cantilever arc length; and various series expansions. The first two methods are clearly superior because they obtain a closed-form solution that includes all possible cantilever equilibrium configurations. In our opinion, the Jacobi elliptical functions are more flexible for a discussion of the problem as elliptic integrals. Therefore, we use Jacobi's elliptic functions in the solution of the problem.
In the organization of the article, we first give the derivation of the basic equations where we, apart from slightly changed notation, follow Antman (1995) (Chapter IV) . The next two sections are devoted to the solution of the basic equations, and the fifth section gives some numerical values and some comparison with results of other authors. In the sixth section, we discuss possible shapes of cantilevers underlying elastic in detail, and in the seventh section, we apply the solution to discuss various force load conditions. The article ends with a summary of the obtained results.
Formulation of the problem

Geometry and equilibrium
We consider an initially straight inextensible and unshearable elastic rod of length L, with one end clamped and a force and tip bending moment acting at the other end. In the Cartesian coordinate system Oxy, the shape of the deformed base curve of the cantilever is described using the following differential equations (Antman, 1995, pp 87-88) :
where x(s) and y(s) are coordinates of the base curve, /(s) is the angle between the tangent to the base curve and the x-axis, j(s) is the base curve curvature and s e [0, L] is the arc length parameter measured from the cantilever free end to the cantilever clamped end (Fig. 1) . The equilibrium equations of the cantilever are (Antman, 1995, p. 96) where H and V are the horizontal and the vertical components of the internal force, M(s) is the bending moment, F P 0 is the magnitude of the terminal force and c is the angle between the x-axis and the direction of force. If a is the angle between the tangent to the cantilever base curve at the free point and the direction of the terminal force and / 0 is the free end tangent angle, then
We assume that the moment and the curvature are related by the Bernoulli-Euler constitutive equation:
where EI is assumed to be a positive constant that represents the flexural rigidity of the cantilever. This equation together with the system of differential Eqs. (1), (2), and (4) constitutes a complete set of equations for the unknowns x(s), y(s), /(s), j(s) and M(s).
The task is to solve these equations subject to the following boundary conditions xðLÞ ¼ yðLÞ ¼ 0; /ðLÞ ¼ 0 ðclamped endÞ ð 7Þ
where M 0 is the applied moment.
Nondimensional form of equations
The equation of the problem contains five parameters:
L and c. We reduce this number by introducing the load parameter x, which is defined by
the dimensionless curvature of the cantilever free end j 0 , which is defined by
and the following normalization of the geometric variables: We obtain some future simplification of the equations by introducing a new local coordinate system Ong that is, with respect to coordinate system Oxy, rotated by the angle Àc so that the line of action of the applied force becomes parallel to the n axis ( Fig. 1 ). In the new coordinate system, the coordinates n(s) and g(s) of the cantilever base curve are nðsÞ ¼ xðsÞ cos c À yðsÞ sin c; gðsÞ ¼ xðsÞ sin c þ yðsÞ cos c ð12Þ and the angle u(s) between the tangent to the cantilever base curve and the n-axis is
The differential equations that describe the cantilever shape in Ong are obtained by differentiating (12) with respect to s and then using (1) and (13). This process yields dn ds
and from (7) 1,2 and (12), the associated boundary conditions are
Using (6), (9), and (13), the differential equations (2) and (4) become
and from (7) 3 and (8), the associated boundary conditions are
Using a selected sense of integration and rotation of the coordinate system, we thus transform the original two-point boundary value problem into a three-parameter initial value problem given by Eqs. (16) and (17) for the unknowns u ¼ûðs; a; x; j 0 Þ and j ¼ĵðs; a; x; j 0 Þ. Once these functions have been determined, we can obtain the coordinates of a deformed cantilever base curve n ¼nðs; a; x; j 0 Þ and g ¼ĝðs; a; x; j 0 Þ through the integration of Eq. (14), subject to the boundary conditions found in Eq. (15 Because the right-hand sides of Eqs. (16) and (14) are continuous functions, the existence theorem for ordinary differential equations guarantees the uniqueness of the solution for the given initial conditions (Hirsch et al., 2004, pp 144) . We see that the shape of a deformed cantilever depends on the parameters a, x and j 0 and that its spatial position depends on c.
The relationship among a, x, j 0 and c is obtained from Eq. (18).
When s = 1, we must have /(1) = 0, and therefore, by Eq. (18),
This relationship is fundamental, allowing us to define various types of problems. Some of the problems are discussed in Section 7. Until then, we assume that the given parameters are a, x, and j 0 .
Symmetry
If, in the initial conditions of Eq. (17), we replace a with Àa and j 0 with Àj 0 , then Eqs. (14), (16) (21) show that the functions j(s), u(s), /(s), g(s) and y(s) are odd and that n(s) and x(s) are even functions of a and j 0 . The deformed shape of cantilever is thus symmetric with respect to the n -axis and the x-axis when a and j 0 change sign.
Two special solutions
Trivial solution
The initial value problem (16) and (17) has the following trivial solution (Antman, 1995, pp 217) . When j 0 = 0, the boundary conditions shown in Eq. (17) are satisfied by uðsÞ ¼ a and jðsÞ ¼ 0
From Eq. (20), we then obtain c = a, while the system shown in Eq. (16) is reduced to sin a = 0, so we must have a = ±np, where n is any integer, yielding two physical possibilities:
1. a = c = 0 (pure compression) or 2. a = c = ±p (pure extension).
In either case, from Eq. (13), we obtain /(s) = 0. Therefore, the equations for cantilever shape shown in (1) are reduced to dx ds ¼ À1 and dy ds ¼ 0; after integration under the boundary conditions in (15), these yield xðsÞ ¼ 1 À s and yðsÞ ¼ 0 For the trivial solution, the cantilever under arbitrary force remains straight. In the future, because the solution of an initial value problem is unique, we conclude that in the cases when a = 0 or when a = ±p, the only possible solution to the problem is the trivial solution.
Cantilever subject only to tip moment
In this case, x = 0 and c = 0, so by Eq. (18), we have /(s) = u(s),
The integration of these equations under the boundary conditions of Eq. (17) and the condition u(1) = 0 yields
where a = j 0 . From Eqs. (14), (15), and (19), we then have
This result is well known and shows that a cantilever deforms into a circular arc lying on the circle:
From Eq. (25), the coordinates of the cantilever free end are
In the special case when x 0 = 0, we have j 0 = np, (n = ±1, ±2, . . .) and y 0 yð0Þ ¼ 1ÀðÀ1Þ n pn from Eq. (27). The underlying circle in this case is
The cantilever deforms to n overlapping circles when n is even; i.e., when j 0 = 2mp, (m = 1, 2, . . .). When n ? 1, the cantilever reduces to a point.
Hereafter, we assume that x > 0.
General solution
The procedure for the solution of the initial value problem of Eqs. (16) and (17) is well known Greenhill, 1892; Armitage et al., 2006 , and we here, for completeness, reproduce only the essential steps. In first step, by the standard transformation dj ds
and integration under the boundary conditions of Eq. (17), we obtain the first integral:
We now discuss several cases of the solution of this equation.
Force dominant case
In the force dominant case, sin 
If we further set u sin w ð32Þ then Eq. (31) takes the Jacobi normal form
The general solution of this equation is uðsÞ ¼ snðxs þ C; kÞ ð 34Þ
where C is the constant of integration and sn is the Jacobi elliptic sine function. Using Eqs. (32), (29), and (16) 1 , we find the solution of the problem (see also Zakharov and Okhotkin, 2002; Zakharov et al., 2004) uðsÞ ¼ 2 sin À1 ½k snðxs þ C; kÞ ð35Þ
where cn is Jacobi's elliptic cosine function. When s = 1, Eq. (35) yields the explicit expression for Eq. (20).
The graph of this function for the special case when j 0 = 5 is shown in Fig. 2(b) . The constant of integration C is determined from the initial conditions shown in Eq. (17). By equating these conditions with the values of Eqs. (35) and (36) for s = 0, we obtain two equations snðC; kÞ ¼ sinða=2Þ k
Inspecting the four possible combinations of signs of a and j 0 yields the following expression for C:
where K = K(k) is a complete elliptic integral of the first type. Now, to integrate Eq. (14) using Eq. (35), we first express
where dn is the Jacobi elliptic delta function. The integral of these functions is (Armitage et al., 2006) :
where e is Jacobi's epsilon function (Olver et al., 2010 , 22.16.17, p. 562, Whittaker et al., 1927 eðz; kÞ
Instead of the Jacobi epsilon function, we use the Jacobi zeta function that is defined as (Olver et al., 2010, 22.16.32, p. 562) Zðz; kÞ eðz; kÞ À
where E is a complete Legendre elliptic integral of the second type.
Introducing the Jacobi zeta function has several advantages. First, introducing the Jacobi zeta function clearly separates the periodic part of the solution from its nonperiodic part. Second, the periodic part becomes bounded. Third, the Jacobi zeta function is part of the Maple program, while the Jacobi epsilon function is not. By substituting Eq. (41) into Eq. (14) and then applying the boundary conditions shown in Eq. (15), we obtain the following parametric equations of a deformed cantilever base curve in the local coordinate system.
x ½Zðx þ C; kÞ À Zðxs þ C; kÞ
Before proceeding, we derive some inequalities based on the fact that the trigonometric and Jacobian elliptic functions oscillate be- . In this way, the expression shown in Eq. (37) gives the unique value of c. In particular, for s = 0, we obtain (see also Zakharov et al., 2004, Eq. (11)) jcj 6 a
From this inequality and Eq. (5), the range for the free end tangent angle is as follows (see also Navaee and Elling, 1993) :
The range for a cantilever curvature follows from Eq. (36) and is jjðsÞj 6 2x:
Moment dominant case
In the moment dominant case, sin
À Á 2 P 1. By setting w = //2 from Eq. (28), we obtain the following equation:
which, after performing similar transformations as in the previous case, leads to the solution of Eq. (16) in the form
where am(x) = arcsin (sn(x)) is Jacobi's amplitude function and constant C is given by
The choices of signs in these equations deserve an explanation.
Because dn is always positive, the sign of j is determined from the initial conditions. Now assume that j 0 > 0. According to Eq. (16) 1 , the derivation of u should be negative, therefore Eq. (50) must be a negative signet. However, for a > 0, we must have 
To integrate Eq. (14), we first note that cos amðxÞ ¼ cnx and sin am(x) = snx. Hence, using Eq. (50), we obtain
and therefore 
Using the above integrals under the conditions shown in Eq. (15), from Eq. (14), we obtain the parametric equation of a cantilever base curve in the form
Consider now the special case when j 0 /x ? 1 and therefore
Using the Maclaurin series of functions dn (Olver et al., 2010, 22.10.6, p. 559) 
These equations show that the solution approaches the solution of a cantilever subject only to a tip moment.
Case when k = 1
The condition in case a = p implies j 0 = 0, and this case is covered by a trivial solution. For |a| < p, from Eq. (30), we have
where we assume that j 0 > 0. From Eqs. (50), (51), (53), and (56),
we then obtain
where, from Eq. (52), 
The graph of this function is shown in Fig. 2(a) . The parametric equations for a deformed cantilever shape in a local coordinate system follow from Eq. (44) and are
Zðx;kÞÀZðxs;kÞ f Àk 2 snðx;kÞcnðxkÞ dnðx;kÞ À snðxs;kÞcnðxs;kÞ dnðxs;kÞ (9)), the explicit expression for load parameter x is given. As we show below, this expression is the solution of Eq. (68) when x is taken as the unknown.
Numerical examples
For the numerical calculations, we wrote a computer program where we use a slightly modified subroutine JELP from Zhang and Jin (1996) to calculate the Jacobian elliptic functions and the ACM Algorithm 577 (Carlson and Notis, 1981) to calculate the Legendre elliptic integrals and Z-function. All numerical computations were executed in a double precision numerical model. Table 1 shows a comparison of some of the calculations obtained using both our program and the Maple program, where the number of digits was set to 14. The calculations match to 11 digits.
Tables 2-4 present comparisons of the results obtained using the present method and the numerical solution of the problem.
By following the idea of Shvartsman (2007), we executed the integration in two steps. First, the initial value problem of Eqs. (16) and (17) is solved. The results of the integration are a cantilever fixed end point curvature j 1 = j(1) and the force angle c = /(1). With these data and by changing the orientation with s ? 1 À s, Eqs.
(1), (2), (4), (6), and (9) 
This initial value problem can also be solved numerically without iteration. Our second step is different from the step proposed in Shvartsman (2007) , where the Simpson integration is used to obtain a beam shape, presumably requiring storing of the data for /(s) from the first integration step. For the numerical integration, we use subroutine dopri5, which implements an explicit Runge-Kutta method on the order of 4-5 with stepsize control (Hairer et al., 1993) . The results of calculating the beam shape show that when the absolute and relative error of calculation was set to 10 À7 , the results of analytical and numerical integration agreed to 6 digits. The calculations shown in Tables 3 and 4 were obtained by setting the absolute and relative errors of calculation to 10 À9 . For these cases, the results match to within 8 digits. The shapes of the deformed cantilever shown in Figs. 3 and 4 correspond to the cases presented in Tables 3 and 4 , respectively.
In Table 5 , we present the results of calculating the tip angle and tip coordinates for a = 90°that were obtained by several authors.
The results obtained by Shvartsman (2007) and Rao and Rao (1986) are identical to the results obtained in the present calculation, while the discrepancy with the results given by Mutyalarao et al. (2010) is at most 4%. This discrepancy can be explained by the fact that the authors used the fourth-order Runge-Kutta method with fixed integration step 0.001 for integration. Table 2 Comparison of results of calculated coordinates (x, y), tangent angle / and curvature j, when x = 10, j 0 = 0 and a = 90°, and various values of s. Table 3 Comparison of results of calculated tip coordinates (x 0 , y 0 ), tip tangent angle / 0 and root curvature j 1 for a = 90°, x = 5 and various values of free end curvature j 0 .
j 0 Table 4 Comparison of results of calculated tip coordinates (x 0 , y 0 ), tip tangent angle / 0 and root curvature j 1 for case k = 1 and various values of a and x. For the analytical calculation, Eqs. (63) and (64) 
Analysis of deformed cantilever base curve
In this section, we give a detailed analysis of a deformed cantilever base line curve where the ultimate goal is to classify its possible forms. Historically, such an analysis was first given by Truesdell and Euler (1960, pp. 199-213) using only integrals and function series expansions. He showed that a deformed cantilever is a part of an infinite periodic curve that can be called elastic. Later, the analysis was performed using Jacobi's elliptic functions, as given by Love (1944, pp. 386-387) ; using the elliptic integral, by Popov (1986) (chapter 4); and more recently by Antman (1995, pp. 98-100) , who provided only a qualitative analysis based on the phase portrait of Eq. (16) in the (u, j) plane. These authors considered only a rod subject to a force. More general considerations of possible shapes of elastica were given by Goss (2003) and Sachkov (2008) . Some experimental verification of the analytical results is provided in these works and in Sachkov and Levyakov (2010) .
The analysis is based on the determination of the cantilever base curve inflection points. By definition, the inflection point is a point where j(s) = 0. The curvature has a relative extreme at points where dj ds ¼ 0. Following Zakharov et al. (2004) , we call these points compression points (Fig. 5) .
Force dominant case. Inflectional elastic
In what follows, we assume that k -0 and the angle corresponding to k is
Clearly, when j 0 = 0, then a 0 = a.
Elastica
To obtain the simplest form of parametric equations of elastic, we introduce a new parameter r defined by
and translate the coordinate system into the point s 0 =ÀC/x. The parametric equations of elastica are then shown by Eq. (44).
Because function cn has a period 4K and function Z has a period 2K, the elastica is a periodic function with period 4K, and its single wave is given by 0 6 r < 4K. We see that the shape of the elastica depends only on k and that x plays a role of scale. In this new parameterization, the tangent angle and the curvature are given by Eqs. (35) and (36) uðrÞ ¼ 2 sin À1 ½k snðr; kÞ; j jðrÞ x ¼ À2 k cnðr; kÞ ð 77Þ and the inflection r n and the compression points r 0 n are at
According to these calculations, we see that the arc length between successive inflection/compression points is 2K and that the arc length of a single wave is 4K. Each elastic wave contains three com- pression points and two inflection points, where the inflection point lies halfway between successive compression points. All of the inflection points lie on the line g ¼ 2k, and the compression points alternate between the lines g ¼ 0 and g ¼ 4k. All lines of the form g ¼ c are in the space coordinates given by
At inflection points, the value of the tangent angle is
and at compression points, the curvature is maximal.
Dimensions
The horizontal distance Dn c and the vertical distance Dg c (twice the amplitude of the wave) between two successive compression points are given by Eqs. (76) and (78).
Dn c nð2KÞ À nð0Þ ¼ 2ð2E À KÞ; Dg c gð2KÞ À gð0Þ ¼ 4k ð82Þ
When k increases, the elastica begins to form loops. The loop extreme points in the horizontal direction are obtained from the con-
=2 or a 0 P p=2. At the interval 0 6 r 6 4K, this condition leads to four values of parameters f, 2K À f, 2K + f, and 4K À f where
On each wave, we have two possible loops. The loop width Dn t and the vertical distance between successive extreme points Dg t are
Two examples of calculations using these formulas are shown in Fig. 7 (cases a and b) .
Intersection points
For the elastic to have self-intersection points, we must have n(r 1 ) = n(r 2 ), g(r 1 ) = g(r 2 ) and r 1 -r 2 . Following Eq. (76), this requirement leads to a system of two nonlinear algebraic equations for unknowns r 1 and r 2 . 
The graph of this relationship is shown in Fig. 6 (left) . Table 5 Comparison of results of calculated tip of tangent angle / 0 and tip coordinates (x 0 , y 0 ) for a = 90°obtained by other authors. a Indicates the input data that the authors used for calculation. and dimensions of the elastica for these values of a 0 are shown in Fig. 7 (cases a and b) .
The parameter f that locates the wave self-intersection point for a given k is the solution of the Eq. (87) when q = 0 and is the solution of Eq. (89), below.
At the given interval Z P 0, we therefore obtain the solution only when 2E < K, that is, when a 0 > 130.7°. This solution can also be observed on the graph in Fig. 6 . The parameters that define intersection points on a single wave are then given by f, 2K À f, 2K + f, and 4K À f. The distances in the coordinate directions between successive intersection points are given by Eq. (84), where f is the solution of Eq. (89).
Cantilever
To determine the number of inflection m and compression points m 0 on a cantilever, we first note that the new parametrization of the end points of the cantilever is determined by
Based on the definition of C given by Eq. (39), we distinguish three cases.
Case when j 0 < 0. In this case, we have 0 < C 6 K, so the number of inflection points m and the number of compression points m 0 are given by
In the limit when j 0 ? 0, the cantilever free end becomes an inflection point, and when C ? 0, the free end becomes a compression point.
Case when j 0 > 0. In this case, K < C 6 2K, the number of inflection points m and the number of compression points m 0 are given by
Again, in the limit when j 0 ? 0, we have C = K, and the free end becomes an inflection point. When a = 0, we have C = 2K, so the free end point becomes a compression point.
Case when j 0 = 0. The number of inflection points m and the number of compression points m 0 are given by
where a cantilever free end is the first inflection point. From this relation we see that when x is constant and a increases, then K also increases and m therefore decreases; when a is constant and x increases, then m also increases; when m is constant, then x and a cannot be independent.
Moment dominant case. Noninflectional elastica
For the moment dominant case, the curvature is given by Eq. (36). Because the function dn has no zeros, a cantilever in this case can have no inflection points (Fig. 8, left) 
Elastica
To obtain simple forms of equations of elastica, we translate the coordinate system into the point where s 0 = ÀC/(kx) and introduce the new parameter coordinate r defined by
According to this equation and to Eq. (56), the parametric equations of elastica are Because both the dn and Z functions have the period 2K, the elastica also has this period. One wave is thus bounded to 0 6 r 6 2K, and the scale factor is kx. The tangent angle and curvature are given by Eqs. (50) 
All of the compression points where the curvature has a maximum
, while all of the compression points where curvature is a minimal lie on the line g ¼ 0. All lines of the form g ¼ c are in space coordinates and are given by The two end points coincide when Dn c ¼ 0, and this is possible only when k = 1, i.e., in the case with no applied force or when the elastica becomes a circle. The wave extreme points in the n direction are obtained from the condition dn dr ¼ 2sn 2 ðrÞ À 1 ¼ 0. At the interval r e (0, 2K), we have two solutions
The distance between two extremes Dn t in the horizontal direction is
and the distance Dg t between the extreme point and the compression point is
The wave extremes in the g direction are obtained by solving 
The height of wave Dg c is therefore
6.2.3. Self-intersection points Similar to the inflectional case, we set intersection points that are at r 1 = f and r 2 = Àf + qK, where q is an integer. According to Eq. (95), the parameter f is the solution of the following equation:
For the case q = 0, this equation reduces to
At the given interval Z P 0, the first term is also positive, so in any case, we can obtain the intersection point. This point can also be observed on the graph in Fig. 6 (right) . To obtain the case when successive waves touch, we solve
. For q = À1, Eq. (106) gives the value k % 1.08874. In this case, the intersection point is given by the parameter f % 1.82566. The shapes and dimensions of elastica for this case are shown in Fig. 7 (case d).
Cantilever
The end points of a cantilever in the new parametrization are given by
The number of compression points is therefore
When a > 0 (the tip moment has the same sense as the moment produced by the applied force), then the origin is always part of the cantilever. The cantilever in this case contains at least one compression point.
6.3. Case k=1. Homoclinic elastica 6.3.1. Elastica
We introduce the new parameter coordinate r, which is defined
and translate the coordinate system into the point s 0 = ÀC/(kx). From Eq. (64), the parametric equations of the elastica are
Both functions are nonperiodic, so r e (À1, 1). Apart from parametrization, these formulas are similar to those given by Goss (2003, equations (4.57) , (4.58)). The example of homoclinic elastic is shown in Fig. 8 
The horizontal distance between extremes is
The distance between the compression point and the extreme is
In the limit, we have lim r!AE1 ½gðrÞ À gð0Þ ¼ 2
The shape and dimensions of homoclinic elastica are shown in Fig. 7 (case c).
Self-intersection point
We set intersection points at r 1 = f and r 2 = Àf. According to Eq.
(111), we then obtain the following equation
which has the solution f % 1.91501 and gives g % 1:42316.
Cantilever
The end points of a cantilever are given by The results of this section are summarized on the graph in Fig. 9 , where various forms of elastica as a function of k and the distance between compression points are shown.
Various force load conditions
In this section, we discuss various problems that can be set using Eq. (20), where we discuss only the cases of applied force, i.e., cases with j 0 = 0. In particular, we have the following problems:
1. When x and a are given, then Eq. (20) 
Follower load
When x and a are given, we have the follower load problem. In this case, Eq. (70) (when |a| < p) gives an explicit and unique solution for c. Two examples are shown in Figs. 10 and 11. In the first of these figures, the load parameter x increases and a is constant. In the second figure, the situation is the opposite. All other possibilities of input data yield multiple solutions of the nonlinear Eq. (70) that is a finite or infinite number of equilibrium configurations. However, each of the configurations can be reached by some equivalent follower load.
We now consider some particular solutions of Eq. (70) that follow the form of special values of the Jacobian elliptic functions.
1. When x n = (2n -1)K (n = 1, 2, . . .), then the cantilever fixed point is a compression point. From Eq. (70), we have
which means that the force acts in the horizontal direction. The free point tangent angle and free point coordinates are
We see that x 0 is independent of a particular load and that y 0 tends to zero with an increasing load.
2. When x n = 2(2n -1)K (n = 1, 2, . . .), the cantilever shape is formed by n -1 waves, followed by a half wave. Equation (70) in this case gives
The cantilever free point tangent angle and coordinates in this case are / 0 ¼ 2a
Both cantilever free point coordinates are independent of the particular value of the load parameter. 3. When x n = 4nK (n = 1, 2, . . .), the cantilever shape is formed by n waves. From Eq. (70), we obtain c ¼ a
As in the previous case, the coordinates of tip points are independent of load factor and are given by / 0 ¼ 0; x 0 ¼ ð2E=K À 1Þ cos a; y 0 ¼ Àð2E=K À 1Þ sin a
The described behaviors given by these special solutions may be observed in Fig. 10 .
Load parameter problem
In the case, when a and jcj 6 a are given, Eq. (70) becomes the equation for an unknown x. We rewrite this equation into the following form: snðx þ KÞ ¼ A; A sinðc=2Þ sinða=2Þ ð127Þ
We note that this problem also covers the problem when the free point tangent angles / 0 and a are given because c is then given by Eq. (5). The solution of this equation that is closest to the origin is x 0 ¼ K À sn À1 ðA; kÞ ð 128Þ where 0 6 x 0 6 K. From the periodicity of the function sn, then the infinite sequence of possible solutions follows. We distinguish two cases:
1. When c P 0, we have the sequence of load parameters
2. When c < 0, the load parameters are
The load parameters given by Eqs. (129) and (130) can be represented as branches on a bifurcation diagram in a (x, a) plane, as shown on the graph in Fig. 12 . There are two possible uses of the solutions to Eqs. (129) or (130). If we take the constant n (which is also called the wave number because it determines the number of waves that form the cantilever shape), then the solution of the problem is a load parameter that is a continuous function of a. When a is constant, then for each n, we obtain an equilibrium configuration. Examples are shown in Figs. 13 and 14.
Conservative load
Consider now the case when c and x are given and a is unknown, which is also known as the conservative load problem.
When c and / 0 are given, then a = c + / 0 , and the problem is equivalent to the load parameter problem discussed in the previous section. We rewrite Eq. (70) Because K(k) is a monotone function, there is a unique value of k for each n. However, because KðkÞ P p=2 and the right-hand side of Eq.
(133) tends to zero with an increasing n, the number of solutions is finite. To determine the number of solutions, we first consider the special case when a = 0. In this case K(0) = p/2, and therefore x n ¼ ð2n À 1Þ p 2 and (n = 1, 2, . . .). These values of x represent bifurcation points on (x, a) plane (Fig. 12) . The number of possible equilibrium configurations doubles at each bifurcation point. Thus, if x n 6 x < x nþ1 , then the number of possible equilibrium configurations including the trivial solution is 2n + 1, where n is Fig. 12 . Graph of (129) for c = p/4. The dotted curve represents the graph for case c = 0. Fig. 13 . Cantilever beam equilibrium configurations when c = 45°is calculated using Eq. (129). In the left figure, a is calculated for various load parameters x when n = 1. In the right figure, successive load parameters x are calculated for a given a = 179.5°and various n. In both cases, a cantilever with increasing x becomes increasingly straight. 
Table 6
Calculated values of equilibrium configurations for the case of conservative load when c = 45°and x = 12. The numbers correspond to shapes in Fig. 15 
For example, for x = 15, we have n = 5 and therefore 11 possible equilibrium configurations. Eq. (133) does not have an analytical solution and must be solved numerically. The initial estimation of the solution is obtained on the basis of inequality. ln 4 6 K þ ln k
